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Two dominant processes determine solute concentration in groundwater: vertical infiltration and
horizontal advection. The goal of this paper is to incorporate both processes into a geostatistical model
for spatial estimation of solute concentrations in groundwater. A multivariate copula-based methodology
is demonstrated that considers infiltration via the marginal distribution and solute transport via the
multivariate spatial dependence structure.

The novel approach is compared to traditional methods as Ordinary- and External Drift Kriging.
Leave-one-out cross-validation demonstrates that the novel approach estimates better both in concentra-
tion and in probability space, and improves the quantification and quality of uncertainty. The gain in
uncertainty reduction is equivalent to at least a few hundred additional observations when Ordinary
Kriging was used.

Both censored and not-censored measurements are included. An ideal neighborhood size is estimated
via cross-validation. The methodology is general and can incorporate other kinds of secondary informa-
tion. It can be used to evaluate effects of land use changes.
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1. Introduction

Estimating a variable’s value at an un sampled location is the
fundamental problem of geostatistics. Generally, the estimation
is based on measurements in the vicinity. Additionally, readily
available secondary information should be considered to enhance
the estimation, as long as primary and secondary variables are
related. For example, geodetic elevation can improve the estimate
of precipitation intensities (Bardossy and Pegram, 2013; Goovaerts,
2000) or geophysical measurements of electrical conductivity can
improve the estimates of salt concentrations in groundwater
(Pozdnyakova and Zhang, 1999; Shim et al., 2004).

In this paper, the composition of land use in the vicinity of an
interpolation location (Heisserer et al., 2016) serves as secondary
information to enhance the estimation of groundwater quality
parameters. The spatial dependence is described in a geostatistical
model using copulas (Bardossy, 2011) that is extended to incorpo-
rate secondary information. The proposed methodology includes
the two key processes responsible for anthropogenic contamina-
tion in shallow groundwater: a dominantly vertical process (infil-
tration) via locally mixed distributions that reflect the
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composition of land use in the vicinity and a dominantly horizontal
process (lateral transport processes) via the geostatistical model of
spatial dependence. Copulas offer the unique opportunity to couple
both processes as they couple the marginal distributions and the
multivariate distribution that describes here the spatial depen-
dence. Groundwater flow advects solute concentrations laterally
at relatively large scales (here ~40 km). Infiltration acts on much
smaller scales (here ~1.5 km).

The following properties are desirable for theoretical geostatis-
tical models (see also Zhu and Journel, 1993):

e The uncertainty of the model should be quantifiable on different
scales.

e Constraints on the distribution (e.g. non-negative constraints,
certain marginal distributions) should be possible.

e Hard constraints in the data (e.g. censored measurements)
should be reflected in the model adequately.

e The model should be able to include secondary information or
combinations of multiple types of secondary information (e.g.
co-variables, soft prior information).

The methods presented in this paper advance all four attributes
of geostatistical models. Basic geostatistical models incorporate
“crisp” cardinal measurements on the ratio scale. This paper shows
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a methodology that allows various “other” or “secondary” informa-
tion to be incorporated in geostatistical models. Such other infor-
mation can be measured either on an interval scale or on a
nominal scale. A typical example for measurements on an interval
scale are so called “censored” measurements (in contrast to
“crisp”), commonly referred to as “measurements below detection
limit”. For those measurements it is known that the true measure-
ment values reside in an interval between zero and their analytical
detection limit - this is valuable information that should not be
discarded but utilized (Bardossy, 2011). A typical example for mea-
surements on the nominal scale (commonly referred to as “soft”
information) is the type of land use at the measurement location.
Generally, the incorporation of soft categorical information into
geostatistical models is difficult, because it is not ordered and
hence there is no covariance. Both secondary information and
censored measurements are taken into account for an improved
geostatistical model.

The basis of spatial interpolation using copulas has been laid by
Bardossy and Li (2008). Censored measurements can be included
using the probability of non-exceedance (Bardossy, 2011). Depend-
ing on the contaminant, different kinds of secondary information
could improve the geostatistical model. In this paper, land use cat-
egories are used to improve the estimation of anthropogenic con-
taminants. Similarly, information on the spatial distribution of
hydrogeological units could improve the interpolation of geogenic
contaminants. A measure of information content that quantifies
the worth of a certain type of secondary information for a certain
contaminant is presented by Heisserer et al. (2016).

The copula-based methods presented are compared to tradi-
tional geostatistical interpolation methods such as Ordinary Krig-
ing (OK, without secondary information) and External Drift
Kriging (EDK, with secondary information). Those traditional
methods rely on assumptions of stationarity that cannot be
expected at the scale of the state of Baden-Wiirttemberg, Ger-
many: for example, the composition of land use varies between
different areas of the state. In a predominantly forested area such
as the Black Forest, lower nitrate concentrations can be expected
compared to an area with mixed and agricultural land use such
as the Kraichgau (Fig. 1). However, for water management pur-
poses, there is the need to interpolate at the State scale. By incor-
porating the secondary land use information via the marginal
distribution into copula-based geostatistical models, non-
stationary effects can be taken into account.

Remarkably little literature exists on including information on
the nominal scale nor on non-stationary interpolation methods.
Journel (1983) developed Indicator Co-Kriging as a means to incor-
porate other data than the primary variable for spatial estimation.
However, there needs to be an order in the data. Stein (1994) pre-
sented an early attempt to categorize possibilities of Co-Kriging. In
a hydrogeological context, an early idea to include secondary infor-
mation was presented by Ahmed et al. (1988), who developed
External Drift Kriging (EDK). Monestiez et al. (1999) presented an
attempt to include categorical variables as external drift. Other
options include Co-Kriging (Matheron, 1971), or Simple Updating
(SU, Bardossy et al., 1996). All three methods lead to sharp edges
at the interface between different types of secondary information.
Additionally, these methods rely on Gaussian assumptions and
take only the distance from a measurement into account, not the
distribution of the conditioning measurements. Rivest and
Marcotte (2012) interpolated groundwater solute concentrations
by using flow-coordinates and non-stationary covariance func-
tions. Brus et al. (2008) and Wibrin et al. (2006) used Maximum
Entropy to predict soil categories in a computationally intensive
despite low-dimensional approach. Liu et al. (2006) used categori-
cal information from soil maps for spatial interpolation using
Kriging. Emery and Silva (2009) used truncated Gaussian models

to simulate cross-correlated fields between continuous and cate-
gorical variables in a mining application. They investigated the
issue of hard or soft rock-type boundaries. In the case of soft
boundaries (comparable to the influence of a certain neighborhood
size in our case) they used cross-correlation, otherwise they simu-
lated the grades separately.

This paper introduces two alternative methodologies, both
based on multivariate spatial copulas. Results are compared with
Gaussian copulas (B, Bardossy, 2006), Ordinary Kriging (OK), and
External Drift Kriging (EDK). If the composition of the land use in
a neighborhood is considered, the size of the neighborhood is
expressed in units of number of neighbors (nneib) of raster cells
containing land use information in radial distance. Radii for circu-
lar shaped neighborhoods used commonly in this paper include
~ 1 km (nneib = 32), ~ 1.5 km (nneib = 48), ~ 2 km (nneib = 64),
~ 4 km (nneib = 128).

Data used and symbology are identical as in the related paper
by Heisserer et al. (2016).

2. Spatial interpolation methods

This paper presents two novel interpolation methods based on
multivariate copulas that are capable of including secondary infor-
mation (“C1” and “C2”, Table 1). Both alternatives are capable of
describing spatial dependence and local influences, both methods
are similar and differ only slightly in the underlying hypotheses.
The first option (C1) is a fundamentally spatial process that is
locally modified with prior information about the land use. The
second option (C2) assumes that the quantiles of the marginal dis-
tribution are a continuous process. The marginal distribution can
be evaluated at every location with an individual marginal distri-
bution. Method C1 is the statistically more complete option and
returns slightly superior cross-validation results. The methods
are demonstrated for the estimation of groundwater quality
parameters of anthropogenic origin, where the predominantly ver-
tical infiltration processes are represented via the marginal distri-
bution and the predominantly horizontal transport processes via
the spatial dependence models.

The additional following methods for spatial estimation are
assessed in this paper, for reference: A2, B, OK, and EDK. A sche-
matic overview over the interpolation methods compared in this
paper is given in Table 1. Method A2 does not describe spatial
dependence; rather it maps the expected concentrations for locally
mixed distributions that depend solely on the composition of the
land use in the vicinity (Heisserer et al., 2016). Method B includes
spatial dependence using copulas, but no secondary information.
Additionally, the classical interpolation methods OK (without sec-
ondary information) and EDK (with secondary information) are
assessed.

2.1. Without secondary information

In this paper, two methods are assessed that take a model of
spatial dependence into account, but do not take advantage of sec-
ondary information. The reference method for geostatistical (as
opposed to deterministic) estimation is OK that provides a least-
squares estimate of the expected value and the expected variance
at an arbitrary location, given a theoretical semivariogram model
fitted to data.

Spatial estimation using copulas (method “B”, Bardossy and Li,
2008) maps the expected value of a conditional probability density
that is based on both the distribution of measurement values of the
conditioning points and the geometry of the observation network
(Haslauer et al., 2008). In the basic case of interpolation method
B, the measurement values are transformed into uniform space
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Fig. 1. Map of the interpolation domain, the state of Baden-Wiirttemberg in south-west Germany (gray outline), and three selected areas (black outlines). The colors indicate
land use categories (green colors indicate natural land use, orange represents agriculture, and red represents urban areas).

Table 1
Overview of interpolation methods used in this paper.
Method Characteristics
Concentration distributions based on. ..
A2 Composition of secondary information in the neighborhood; no
spatial model; see Heisserer et al. (2016)
B Spatial dependence and distributions of measurements; no
secondary information
C1 Combination of “A2 and B” via prior information
c2 Combination of “A2 and B” via assumption of continuous marginals
Reference methods; concentration mean and variance based on. ..
OK Second order spatial dependence of measurements
EDK Second order spatial dependence of measurements and secondary

information

via the global nitrate distribution constructed by taking all mea-
surements within the domain into account, independent of the
dominant land use group near the measurement location. The dis-
tributions for each land use group deviate more and more from the
global distribution, as a larger and larger neighborhood size is
taken into account (Fig. 2). Censored measurements are taken into
account via the probability of non-exceedance, as demonstrated by
Bardossy (2011).

2.2. Taking secondary information into account

This paper presents three methods that can take secondary
information into account. All three methods require a rational
number that represents the secondary information at all locations
where a measurement exists, and at every location where a value is
to be estimated. In this paper, such values represent the composi-
tion of the land use within a certain neighborhood. Here, they are
the expected concentrations of locally mixed distributions
(method A2, see Heisserer et al., 2016). Other sources for secondary
information can be incorporated equally well: As an example,
MODIS land cover is available globally and openly (Channan
et al., 2014). Classification algorithms do exist, e.g. Hagner and
Reese (2007) or Strahler (1980) up to a resolution of tens of meters
on a regional scale.

The novel methods developed in this paper are copula-based
methods C1 and C2. Both methods need the information necessary
to construct the conditional probabilities for estimation to be avail-
able in uniform probability space. The two presented methods dif-
fer in how the information is transformed into uniform space
before interpolation and transformed back into measurement
space after interpolation. The locally mixed distributions (method
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Fig. 2. Nitrate distributions in probability space for different neighborhood sizes.
Each colored line indicates the distribution for a land use group. The gray line
indicates the global nitrate distribution for the entire domain. The land use groups
are identical to the ones presented by Heisserer et al. (2016). (For interpretation of
the references to color in this figure legend, the reader is referred to the web version
of this article.)

A2) can be used to transform concentrations into uniform space
(Fig. 2). Starting from zero neighborhood size to larger neighbor-
hood sizes, the distributions start to diverge, as more information
from a larger neighborhood size becomes available. For larger
neighborhoods, the process of divergence is reversed.

As reference, the performance of EDK (Chilés and Delfiner,
2012) is assessed. The methodologies of OK and EDK are similar:
in EDK, the Kriging matrix that needs to be solved for the least-
square estimate contains one more row and column than in OK.
This additional information at the observations and the right hand
side is one dimension larger representing the secondary informa-
tion at the interpolation location. The original concept of EDK takes
no neighborhood into account, hence it corresponds to taking the
secondary information via method A2 with nneib =0 (“EDK 0”)
into account. This original concept is extended in this paper by
using larger neighborhood sizes for EDK with method A2 as sec-
ondary information (e.g., “EDK 48”).

2.2.1. Method (1

Method C1 models a spatial process with locally modified prior
information. It uses information of the methods B and A2 at each
interpolation location. The measurements are transformed into
probability space for copula-based interpolation via the global dis-
tribution (as is done in method B). After the conditional probability
is constructed, the back-transformation into measurement space is
scaled via the law of total probability, taking information from
method A into account (the locally mixed distributions reflecting
the composition of land use in the neighborhood). The probability
of a concentration to occur at location x, conditioned on the neigh-
boring measurements in copula space and given the land use I, at
the interpolation location is given in Eq. (1); details are presented
in Appendix A.

P(U(x0) = uo|lU(xx) = up, k=1,...,K,L(x0) = lp)
Dy, P(U(X0) = Uo|lU(X) = e, k=1,...,K)

PP (Uke) = U = u k=1, K)

2.2.2. Method C2

Method C2 is similar to method B; technically, the difference
lies in the type of distribution functions both methods use for
the transformations into and out of uniform probability space nec-
essary for interpolation using copulas. In method C2, at every loca-
tion, an individual marginal distribution is used that is based on
the composition of the neighborhood (method A2), whereas for
method B, the same distribution is used at every location (the glo-
bal distribution of nitrate for Baden-Wiirttemberg). The differences
between methods B and C2 can be significant, up to p ~ 0.5: Fig. 2
shows that a distribution function value of F,(C) = 0.1 can corre-
spond to Fgepapw ~ 0.1 and Fiocq ~ 0.6 for the locally mixed distri-
bution of group 2.

What this implies is that method C2 assumes that the quantiles
of the marginal distribution are continuous. This is a strong
assumption and might not be valid for small neighborhood sizes.
Method C1 does not rely on this assumption.

3. Parameter estimation

The model parameters are estimated using a maximum
likelihood-based approach described by Bardossy and Li (2008).
This estimation method results in reliable parameters for the
covariance matrix (Fig. 3) that are discussed in this section. The
estimated covariance parameters differ slightly whether censored
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Fig. 3. Empirical and theoretical variograms for nitrate. The theoretical variogram
that does not take censored measurements into account (“theo. no cens.”, solid blue
line) was used for OK and EDK. The theoretical variogram that does take censored
measurements into account (“theo. incl. cens.”, solid green line) was used for B, C1,
and C2. The typical length scale is ~60 km. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

measurements are taken into account (as described by Bardossy,
2011) or not. The difference is expected to be larger for variables
with a larger proportion of censored measurements. Rank-based
empirical variograms resolve the spatial structure better than
measurement-based semi-variograms.

Solely based on bivariate statistics of the measurements, the
structure of the semivariogram is difficult to estimate, particularly
for short separation distances (orange dotted line on Fig. 3). The
lack of a detectable structure of the semivariogram is likely attribu-
table to the skewness in the data (1.55 for nitrate, 6.81 for chloride,
see Heisserer et al., 2016). Rank-based semi-variograms are able to
recover some parts of the semivariogram structure.

The estimated parameters for the dominantly horizontal pro-
cess, as modeled via the spatial dependence structure, are signifi-
cantly different compared to the typical scales of the dominantly
vertical process of infiltration that is modeled via the marginal dis-
tributions. The typical length scale (“range”) of the spatial depen-
dence structure is ~ 40 km (Fig. 3). The ideal neighborhood size
for mixed local distributions using method A2 is at nneib = 48, cor-
responding to a radius of ~ 1.5 km.

4. Results

The key outcome of spatial estimation is a distribution of esti-
mated values at a given location. Fig. 4 shows the densities of
nitrate concentrations for the estimation methods covered in this
paper at one location in Baden-Wiirttemberg. The strong impact
of land use is clearly visible: the estimated densities based on
methods that take land use into account differ strongly from the
group of distributions that do not take land use into account.

The result of Kriging is an estimated mean and an estimated
variance, which suffice to describe a Gaussian density function.
With Copula-based approaches, the result is a full density function
at any location. Based on this estimated function at every location
an estimated value can be inferred. Typically that is the expected
value. Other measures derived based on this distribution function
are also possible, particularly for uncertainty assessment. Method
A2 depends strongly on the composition of the neighborhood,
but ignores spatial dependence, hence the results of A2 and Kriging
based methods differ strongly. Interpolation method B is similar to
Kriging as it does not consider secondary information; at the same

Fig. 4. An example of the interpolated densities of the presented methods at a
randomly selected location within Baden-Wiirttemberg. Methods A2, C1, and C2
were evaluated using a neighborhood size of nneib = 48, methods B, OK, and EDK
use no neighborhood.

time, it is different from Kriging as it considers the distribution of
the measurement values and not only the geometry of the observa-
tion network. The methods proposed in this paper, C1 and C2 (that
take both secondary information and spatial dependence into
account) lie somewhere between methods A2 on one hand and
Kriging based methods on the other hand. Besides from being sym-
metric, the output of OK and EDK do not vary much. It will be seen
later that Kriging is the smoothest of the selected interpolators.

The interpolation methods are evaluated in detail using cross-
validation (Section 4.1) and results are analyzed with the help of
interpolated maps of the expected value, the standard deviation
(a measure of uncertainty), and probability of exceedance of a
threshold-concentration (Section 4.2).

4.1. Cross-validation

The proposed methods C1 and C2 perform best (Table 2) in
leave-one-out cross-validation (Hawkins et al., 2003). The gains
in performance compared to traditional estimation methods were
achieved both in the estimation of the mean and in quantifying
the uncertainty. The gains in the estimation of the mean are

Table 2

Overview of cross-validation results for interpolation methods B, C1, C2. For
comparison, methods A2, OK, and EDK are shown. This table is for the contaminant
nitrate. The measure “A80%"” evaluates the performance of the model to express
uncertainty: A80% = 80% — p where p is the frequency of measured values being
within the interpolated 80% quantile.

Method nneib MAE (C) RMSE (C) LEPS (-) A80%
OK 0 8.7 13.2 0.153 —-4.1
EDK 0 9.0 13.8 0.159 -3.9
EDK 48 8.6 13.2 0.151 —-4.7
A2 0 12.1 16.3 0.231 -7.2
A2 64 10.4 14.7 0.192 -5.1
B - 9.1 133 0.157 2.7
C1 0 8.9 13.0 0.151 -22
2 0 9.6 14.0 0.163 -13
C1 32 8.3 123 0.139 -1.7
2 32 8.6 13.0 0.145 -1.2
C1 48 8.2 12.3 0.136 -1.8
2 48 8.5 13.0 0.142 -1.2
C1 64 8.2 123 0.136 -19
2 64 8.5 13.0 0.142 -2.0
C1 128 8.2 124 0.137 -2.7
2 128 8.6 133 0.142 2.7
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recognizable in concentration space (MAE, RMSE) and in probabil-
ity space (LEPS). The definition of the MAE, RMSE, and LEPS is given
in Egs. (2)-(4), respectively.

n

MAE=1/n- Z(‘Cmess(i) — Cinterpol (1)) (2)
i=1

RMSE = /1/11- 37 (Cmes(i) — Cinerpor(0))? (3)

LEPS = 1/n1+ > (F[Crmess (1)] — F[Cinterpor(i)]) @)

i=1

A decrease of the RMSE from 13.2 using OK, to 12.3 using
method C1 with at least some neighborhood size, explains ~ 6%
of the variability inherent in the OK estimations. It has been shown
that method A2 with nneib = 48 reduces the variability compared
to using the global mean (method A1) by ~ 25% (Heisserer et al.,
2016). OK reduces this variability by another ~ 25% and method
C1 reduces the variability by the above-mentioned ~ 6%, using
also nneib = 48. Starting from the global mean, using the best per-
forming method C1, a reduction in variability of estimation of
~ 50% could be achieved. This reduction is similar for MAE, and
even higher at ~ 70% for the LEPS. Methods C1 and C2 perform
about equally well, however method C1 performs consistently
slightly better than C2.

Copula-based interpolation methods perform particularly well
in quantifying the uncertainty. To evaluate the quality of the
uncertainty measure, the percentage of interpolated values that
fall into the 80% confidence interval was evaluated. In a perfect sys-
tem, 80% of the interpolated values would fall into this 80% confi-
dence interval. Using this measure of deviation from the 80%
confidence interval, a reduction of ~ 3.5% in uncertainty could
be achieved by switching from Kriging based methods to copula-
based methods that take secondary information into account
(either method C1 or C2 and a neighborhood size of nneib = 48).

Detailed cross-validation results are listed in Table 2 and are
summarized here. Leave-multiple-out or leave-clusters-out did
not give significantly differing results. As soon as we take some
information about the composition of the neighborhood into
account (nneib > 0), cross-validation results improve significantly.
The added benefit of larger neighborhood sizes is comparatively
small. For large neighborhood sizes, there is a similar cap: for
example a neighborhood size of nneib = 128 performs worse than
a neighborhood size of nneib = 64. This means that there is an opti-
mum neighborhood size and that the information contained in the
neighborhood approaches the information contained in the entire
domain, as neighborhood sizes increase. The cross-validation
results for estimating the mean seem to point to an optimum
between nneib = 48 and nneib = 64. The cross-validation results
for quantifying the uncertainty seem to point to an optimum of
slightly smaller neighborhood sizes of ~ nneib = 32.

The most important outcome of this analysis is to take some
secondary information at all into account: The biggest increase in
performance was achieved with method A2 when considering at
least some neighborhood, when moving from a neighborhood size
of zero to a size of nneib = 64. Despite the fact that method A2 does
not take spatial dependence into account it performs surprisingly
well. Although RMSE explains ~ 6% of the variability, it is not an
ideal measure for performance, as ~ 80% of the RMSE value is con-
tributed by only the upper ~ 20% of the estimates.

In the traditional sense of EDK, when secondary information is
taken into account only directly at the measurement locations,
then EDK performs worse than OK. This means that taking the land
use information into account via EDK is not a good strategy. Addi-
tionally, in that case, 15 values were interpolated as unphysical
negative concentrations. When using the expected concentration
based on the composition of a neighborhood via method A2

(“EDK 48” stands for EDK with secondary information obtained
from A2 with a neighborhood size of nneib = 48), the performance
of EDK improves. In the case of EDK 48, all three measures (MAE,
RMSE, and LEPS) improve and the result is slightly better than with
OK. Method B performs similar to OK in estimating the mean, but
much better in quantifying the uncertainty.

In the direct comparison of estimated cross-validation results
with the measured concentrations of all analyzed interpolation
methods, there is a clear trend towards best performance of the
most sophisticated interpolation methods. Method C1 performs
best with a correlation coefficient of r = 0.75, slightly better than
method C2 (r = 0.73). Method A2 that does not include a geostatis-
tical model performs worst with a correlation coefficient of
r = 0.54. Methods with geostatistical model but without secondary
information perform in the middle. The typical problem of spatial
estimation persists, large values are underestimated, small values
are overestimated.

This comparison between interpolation methods was investi-
gated further by looking point-wise at all pairs of the presented
interpolation methods and counting which one performs better
than the other. Based on those frequencies, probabilities of a
method winning against every other method can be inferred. It is
striking how well method C1 performs: it wins more than half of
the time against every other interpolation method (Fig. 5). Interest-
ingly, the best competitor against C1 is not C2 but method A2. Also,
method A wins against any Kriging based method.

4.2. Spatial estimation

The cross-validation results are important, but looking at the
spatial distribution of the performance of spatial estimation meth-
ods provides another important aspect. A reduction of 3.5% in
deviation from the 80% confidence interval is an important feature,
however, looking at the structure of the uncertainty provides more
insight into the performance of an interpolation method. The typ-
ical result of spatial estimation are maps, particularly maps of the
expected value of the estimated variable. Complementary informa-
tion about the quality of the estimation procedure can be obtained
by mapping the standard deviation of the estimated variable and
the probability of exceedance of a threshold. Fig. 6 shows
these three types of maps for nitrate concentration within
Baden-Wiirttemberg (represented in the columns) for the

Fig. 5. Probabilities of winning [-] when comparing one interpolation method
against every other interpolation method pairwise.



C.P. Haslauer et al./Journal of Hydrology 535 (2016) 699-709 705

Fig. 6. Interpolated maps for nitrate in Baden-Wiirttemberg. The three different types of maps are arranged in columns (expected value E, standard deviation of the estimate
StDev, and probability of exceedance of a nitrate concentration of C = 30 mg/L). Different interpolation methods are arranged in rows: OK, EDK, B, C1 and C2. EDK, C1, and C2

are calculated based on a neighborhood size of nneib = 48.

presented interpolation methods (represented in the rows). This
figure is available in higher resolution in Supplemental material.
Interpolation methods C1 and C2 lead to the most heteroge-
neous maps. This can be expected as they take both the land use
information and horizontal spatial dependence into account. The
Black Forest in the south-west of the domain (the dominantly
green area on Fig. 1, extending the area of the central Black Forest
northward and southward) is an interesting area to consider: the
measurement values of nitrate under the Black Forest are homoge-
neously small, as the Black Forest is a large area with forest being
the dominant land use. This is the reason why OK and EDK (which
only looks at the land use directly at the measurement location)
estimate a continuous area (without holes) with homogeneously
low nitrate concentrations. Despite the generally homogeneous
forest, valleys with agriculture and towns also exist. In these val-
leys one would expect higher nitrate concentrations than under
the larger forested areas, even if only a few measurements existed

in the valleys. The methods C1 and C2 reflect this small-scale
heterogeneity in the land wuse in the estimated nitrate
concentrations.

The methods that take not only the geometry of the observation
network into account, but also the measurement values (B and C),
have a much improved measure of uncertainty. As for the other
methods presented in this paper, they also lead to small uncertain-
ties in the vicinity of measurement locations. Additionally, meth-
ods C1 and C2 take the land use composition into account. This
leads to further decreased uncertainty. Areas with both homoge-
neous measurements and homogeneous land use (such as the
Black Forest) lead to the smallest uncertainty. However, in
smaller-scale features with heterogeneous land use, such as the
valleys in the Black Forest, uncertainty is large. These properties
make methods C1 and C2 the most plausible interpolation meth-
ods. The Kriging-based uncertainty estimates are too low and unre-
alistic, because the structure of the error is lost completely. The
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Table 3

Overview of descriptive statistical measures of the interpolated expected values for
selected areas within the domain and for selected interpolation methods. “ID”
indicates the name of the sub-domain of the interpolation (the full domain of Baden-
Wiirttemberg (BW), a pre-Alpine area (PA), the central Black Forest (SW), and the
Kraichgau (KG), see also Fig. 1).

ID Method nneib Mean stdD Skew
BW OK - 20.9 11.6 0.80
BW EDK 0 21.0 12.8 0.96
BW EDK 48 20.9 12.5 0.96
BW A2 48 193 7.7 0.26
BW B 48 19.5 7.2 0.68
BW C1 48 19.1 9.7 0.61
BW Cc2 48 19.4 10.2 0.68
PA OK - 26.7 8.7 0.39
PA EDK 0 27.0 104 039
PA EDK 48 26.7 9.4 0.41
PA A2 48 19.5 6.8 0.05
PA B 48 22.2 59 0.48
PA C1 48 21.3 7.7 0.32
PA Cc2 48 214 8.5 0.35
KG OK - 32.8 11.0 0.25
KG EDK 1] 32.8 115 0.28
KG EDK 48 33.0 13.0 0.70
KG A2 48 27.1 5.8 -0.49
KG B 48 26.9 6.9 0.09
KG C1 48 304 8.4 -0.17
KG C2 48 29.6 9.2 0.15
SW OK - 8.3 4.0 1.77
SW EDK 0 8.2 4.1 2.02
SW EDK 48 8.0 3.8 1.59
SwW A2 48 11.6 41 1.18
SW B 48 12.7 2.6 0.75
SW C1 48 9.0 35 1.20
SW C2 48 9.6 3.7 1.08

uncertainty of the interpolated estimates using OK and EDK is a
reflection of the geometry of the observation network. The largest
standard deviation occurs in locations that are the farthest away
from a measurement location. Even if only slightly, the uncertainty
of EDK is larger than of OK, despite the fact that EDK uses
secondary information. Methods C1 and C2 do not only lead to

superior cross-validation results but also to an improved spatial
structure of both the estimated mean and the estimate of uncer-
tainty of the interpolation methods.

The probability that a threshold concentration is exceeded is
important information for people that need to make decisions
based on interpolated concentration maps. The probabilities of
exceeding a concentration of 30 mg/L are shown on the right col-
umn of Fig. 6. The patterns are similar to the ones for the expected
values: Methods C1 and C2 show the largest heterogeneity; the
deviations between different interpolation methods are largest
where the effects of land use are strongest.

The arithmetic mean of the estimated expected nitrate concen-
trations varies by 1.9 mg/L between the presented interpolation
methods when taking Baden-Wiirttemberg as the interpolation
domain. With ~ 45,000 estimates, this difference is significant.
Due to the best performance of method C1 in cross-validation
and its superior spatial structure, both for estimated values and
uncertainty estimates, it can be concluded that the mean of
19.1 mg/L is the best estimate (Table 3). As methods C1 and C2
include land use information and spatial dependence, the standard
deviation over all estimates in the domain is slightly increased
compared to methods B or A2. Generally, the order of the mean
of the estimates is identical to the order of the performance of
the estimation methods. This is certainly true for the entire domain
of Baden-Wiirttemberg, but also for other sub-domains (Fig. 1).
However, things are different in the central Black Forest, where
methods C1 and C2 suggest a larger mean than OK. Likely, the rea-
son is again that those two methods take both land use and spatial
dependence into account. The increased mean in the central Black
Forest might hence be attributable to the agricultural areas in the
large valleys.

With the maps analyzed so far it is not possible to highlight dif-
ferences between the presented interpolation methods. The fol-
lowing two figures show differences between the interpolation
methods in expected concentration (Fig. 7) and expected standard
deviation of concentration (Fig. 8). In these maps of differences, the
different hypotheses dominate. It becomes clear that OK and EDK
are similar, C1 and C2 are similar, and both A and B appear unique.

Fig. 7. Differences in estimated nitrate concentrations [mg/L] between selected interpolation methods.
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Fig. 8. Differences in standard deviations [mg/L] of nitrate concentrations between selected interpolation methods.

The patterns in the map of differences between exceedance prob-
abilities is similar to the map in differences between expected
standard deviations (not shown).

The differences in expected concentrations are largest in areas
where measurements are either particularly homogeneous or par-
ticularly heterogeneous, for example in the Black Forest (as noted
in the previous section). The difference between the Kriging meth-
ods OK and EDK and the other methods presented are relatively
large: Kriging takes the geometric configuration of the observation
network into account. The largest differences occur between Krig-
ing which considers only the measurement locations, and method
A2, which considers only the land use, not any spatial dependence,
and is hence spatially distributed differently. Accordingly, the dif-
ferences between method B and methods C1 and C2 are smaller
than between Kriging and methods C1 and C2. Method B incorpo-
rates the degree of homogeneity of the measurement field by
including the measurement values. This figure showing this
improvement is important, because method B did not perform sig-
nificantly better than Kriging in cross-validation (Table 2). The
pairs (OK, EDK) and (C1, C2) are similar. Each pair have very similar
underlying hypotheses. This similarity is evident also in the maps
of differences in estimation standard deviation and in the differ-
ences in probabilities of exceeding a concentration of 30 mg/L.

The difference between Kriging-based estimation methods and
methods C1 and C2 in estimating the probability of exceedance of a
concentration of C = 30 mg/L is larger than 20% over the domain of
Baden-Wiirttemberg. The important thing to remember is that
those differences are not the same everywhere, and neither scaled
everywhere in the same way, but are a reflection of the conditions
in specific areas. This can be considered to be significant
advancement.

5. Conclusions
Locally spatially averaged information can be used effectively in

a copula-based spatial estimation approach and performs signifi-
cantly better than other Kriging based approaches (OK, EDK). The

presented method uses secondary information to construct non-
stationary maps and includes censored measurements in a full
stochastic framework. Using this framework leads to more “realis-
tic” maps, meaning here that the interpolated values exhibit a
higher degree of heterogeneity compared to conventional meth-
ods, as well as smooth transitions between areas of different sec-
ondary information. The latter fact can be attributed to the
incorporation of land used based on a neighborhood with a certain
size. With the given data set of nitrate concentrations in Baden-
Wiirttemberg best results were obtained with method C1 and a
neighborhood size of nneib =48 (circular neighborhood with
radius ~ 1.5 km).

The superiority of copula-based methods goes beyond cross-
validation results: uncertainty estimates, quality of the uncer-
tainty, and the spatial structure of the uncertainty are much
improved to traditional geostatistical approaches. When evaluat-
ing the uncertainty of the interpolation, copula-based methods
win in most of the cases. This is a clear indication that the spatial
model of the copula models is improved compared to traditional
methods. This type of performance is not only visible in cross-
validation results, but also in the spatial structure of estimated
concentrations. The heterogeneity in the secondary information
is reflected in the interpolation as well as the structure of the mea-
surements: Large continuous areas of homogeneous measure-
ments together with homogeneous land use result in the
smallest uncertainty of spatial estimation. With the proposed
methods, the structure of the estimation is not only dependent
on the geometry of the observation network, but also on the full
distribution of the measured values, and hence the gradient of
the measured values. This property becomes evident as larger
homogenous areas are less uncertain compared to smaller isolated
patches.

A general problem of spatial estimation is the bias that is inher-
ent in most measurement networks: measurements are generally
not taken at locations in correspondence to the proportion of the
occurrence of land use groups. The average of the measured nitrate
concentrations within Baden-Wiirttemberg is 19.9 mg/L. If the
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measurements are corrected for the frequency of land uses occur-
ring within the interpolation domain, the average increases to
21.1 mg/L. If the measurements are corrected for the frequency
of land uses occurring directly at the measurement locations, the
average increases to 21.2 mg/L. This difference is significant based
on ~ 45,000 estimates. Hence, it is necessary to include the infor-
mation of land use into the estimation of groundwater quality
parameters. In this paper, we have presented methods that can
accommodate such differences. A difference of ~ 2 mg/L in esti-
mated average nitrate concentration over the domain of Baden-
Wiirttemberg or a difference of ~ 20% in probability of exceeding
a threshold of C =30 mg/L is a significant conclusion! Further-
more, we have shown that taking those biases into account in a
reasonable way is prerogative on smaller sub-domains. Then, these
differences between interpolation methods amplify and taking
land use into account becomes mandatory.

A lot of effort has been spent to decrease the RMSE by about one
concentration unit and the variability of estimation by about 10%.
The spatial structure of the estimated concentrations and uncer-
tainties is also much more reasonable. One might argue: “nice,
but so what?” In a bootstrap procedure, sequentially more and
more measurements were left out in the leave-one-out cross-
validation procedure. Accordingly, the measures of MAE, RMSE,
and LEPS increase. The artificial and random removal of 500 mea-
surements lead to an increase of the RMSE of maximally
~ 0.25 mg/L when OK was used. On the other hand, method C1
reduced the RMSE from OK to C1 with optimal neighborhood size
by ~ 1.0 mg/L. Based on this rough estimation, certainly a few hun-
dred additional measurements, likely more than 10% additional
measurements compared to existing number of measurements,
would be necessary when the same performance in terms of RMSE
should be achieved with OK as is achieved with method C1 - at a
significant larger cost for installation, maintenance, and sample
analysis.

The presented method is flexible and other or additional types
of secondary information could be included. The presented method
would work with smaller data-sets, however adjustments to the
classification would be necessary. The presented method is able
to estimate the impacts of land use on groundwater quality at a
snapshot in time. It could be repeated for multiple snapshots in
time, and could offer then a tool to quantify the effects of land
use changes on groundwater quality.
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Appendix A. Derivation of conditional probability for
interpolation-method C1

The goal is to find the conditional distribution of U(x,) given the
observations U(xy) = u, for k=1,...,K, and the land use at point
Xo (Eq. (A.1)). The derivation of this approach is demonstrated in
the following.

Assume, the variable U is uniformly distributed (discrete case,
Eq. (A.2)). Incorporating the additional information of the land
use at location [, leads to a modified conditional distribution (Eq.
(A.3)). The approach for this local distribution is explained by
Heisserer et al. (2016).

The goal is to calculate the probability given in Eq. (A.1).

PU(xo) = ulU(xe) = ux, k=1,....K, L(xo) =lo) (A1)

1
-3 1
—— 2| —_ — _
P(U(xk) =% > =% k=1,...)K, t=1,... K (A2)
t—1
P(U6) = (2L =) =pig k=T, K (A3)
thus
K
D pg=1 (A4)
=1
The spatial copula is:
t—1 k-1

P(U(x0) = 2 U() = 52 ) = Gty (A5)
thus

K
th,k,xo,xk =1 (A6)
t=1
Each land use class has its own frequency of occurrence
P(L(x)=8)=ve k=1,....K (A7)
thus

G
D=1 (A.8)
g=1
P(U(x0) = uglU(Xx) = ug, k=1,...,K,L(x0) = lp) = (A9)
_ P(U(Xo) = Uo, U(Xk) = U, k= 17 ce ,K,L(Xo) = 10) (AlO)

P(UX) =, k=1,...,K,L(X0) = bo)

= {P(L(x0) = lp|U(X0) = uo, U(xx) = g,k =1,...,K)
-P(U(X0) = U, UXx) = U, k=1,...,K)}
JP(L(x0) = lo|lU(x) = u,k =1,... K)P(U(x) = uy, k=1,...,K)

(A11)
= {P(L(x0) = lp|U(xo) = tuo, U(xx) = u, k=1,...,K)
JP(L(x0) = blU(x) =tk =1, K)} (A12)
-P(U(x0) = up|U(x) = ug, k=1,...,K)
o P(L(Xo) = lo‘U(Xo) = UO) B
= Po) = Uy = k=1, k) (Ux) = tolU(xe)
=u,k=1,...,K) (A13)
Looking at the terms one by one:
P(U(xo) = uo|U(xk) = ux,k=1,...,K) (A14)
is the pure copula interpolation for x, without land use.
P(L(x0) = lo|U(x0) = uo) = (A15)
- o P(L(Xo) = lo) _
P(U(xo) = uo|L(X0) = lo)Pi(U(xo) ) (A.16)
1
Peyty 1 (A17)
K

P(L(xo) =lo|U(xx) =uy,k=1,...,K)
_ I _1
:ZP(L(XO) — lo|U(x0) :%)P(U(Xg) :rK_Z

- Vg r—3
= Zptr,g_P U(xo) =% Uxe) =t k=1,....K

U(xy) = Uy, k= 1,...,1()
(A.18)

Finally giving the probability:
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Pryo - PUM0) = uolU(xe) =t k =1,..... K)

_1
Bty PPUG) = UK = i k=1, K)
B Dey i, P(U(x0) = uo|U(xk) = e, k= 1,...,K)
- =
K, ptr_’,OP(U(xo) =AU =k =1,... ,1<)

(A19)

Appendix B. Supplementary material

Supplementary data associated with this article can be found, in
the online version, at http://dx.doi.org/10.1016/j.jhydrol.2016.01.
054.
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